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Examples of applications of Lévy walks
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Light transport in optical materials
P. Barthelemy, P.J. Bertolotti, D.S. Wiersma, Nature 453, 495 (2008).
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Examples of applications of Lévy walks

Foraging patterns of animals
M. Buchanan, Nature 453, 714 (2008).
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Examples of applications of Lévy walks
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Migration of swarming bacteria
G. Ariel et al., Nature Communications (2015).

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018



Examples of applications of Lévy walks
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Blinking nanocrystals
G. Margolin, E. Barkai, Phys. Rev. Lett. 94, 080601 (2005)
F.D. Stefani, J.P. Hoogenboom, E. Barkai, Physics Today, 62 (2009)
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Examples of applications of Lévy walks

Human travel
D. Brockmann, L. Hufnagel, and T. Geisel, Nature 439, 462 (2006).
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Basic definitions — 1D case

o Waiting times: T;, i = 1,2, ... — sequence of iid positive random
variables with power-law distribution P(T; > t) %, a € (0, 1).
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Basic definitions — 1D case

o Waiting times: T;, i = 1,2, ... — sequence of iid positive random
variables with power-law distribution P(T; > t) %, a € (0, 1).

@ Jumps:
Ji =NiT;

where A; are iid random variables with
P(Ai=1)=p, P(Ai=-1)=1-p.

They govern the direction of the jumps (velocity v =1). |T;| = |Ji|.
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Basic definitions — 1D case

o Waiting times: T;, i = 1,2, ... — sequence of iid positive random
variables with power-law distribution P(T; > t) %, a € (0, 1).

@ Jumps:
Ji =NiT;

where A; are iid random variables with
P(Ai=1)=p, P(Ai=-1)=1-p.

They govern the direction of the jumps (velocity v =1). |T;| = |Ji|.
@ Number of jumps up to time t:

Ny =max{n>0: Ty + ..+ T, < t}.
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Definition: Wait-First Lévy Walk — 1D case

N;
RW/:(t) = E J;
i=1
Note that |Rwe(t)| < t.
T2
Tl Jl J 3 JB
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Definition: Jump-First Lévy Walk — 1D case

R,e()

Net-1
Rip(t) =) J;
i=1
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Definition: Standard Lévy Walk — 1D case
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Basic definitions — d-dimensional case

@ Waiting times: T;, i = 1,2, ... — sequence of iid positive random

variables with power-law dlstrlbutlon P(T; > t) x &, a €(0,1).
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Basic definitions — d-dimensional case

@ Waiting times: T;, i = 1,2, ... — sequence of iid positive random
variables with power-law distribution P(T; > t) < &, a € (0,1).

o Jumps in RY:
Ji=NiT;

where A; are iid unit random vectors in RY with the distribution
A(dx) on d—dimensional sphere S¢. They govern the direction of
the jumps in RY (velocity v = 1). We have |T;| = ||J;].

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 12 / 45



Marcin Magdziarz (Wrocta

Trajectory

asic definitions — d-dimensional case

-2

x 10°

x 10°

-2

2

x 10°

Modelling of fract. dynamic:

Distribution A on S2

135°.
157.5°
180°
202.5°
22597 318°
247.5% 5 0 129257
o
B 112.5°. 29 67.5°
) 1359 .45°
157.5° : ‘ 22.5°
180° 0°
202.5°
2259
247.5°

Lévy walks

ICERM 2018

13 / 45



Basic definitions — d-dimensional case

Wait-First Lévy Walk in RY

N¢
RWF(t) = Z J;
i=1
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Basic definitions — d-dimensional case

Wait-First Lévy Walk in RY
N¢
RWF(t) = Z J;
i=1

Jump-First Lévy Walk in R

Ni+1

R_]F(t) = Z J;
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Basic definitions — d-dimensional case

Wait-First Lévy Walk in RY
N¢
RWF(t) = Z J;
i=1

Jump-First Lévy Walk in R

Ni+1

Rie(t) = Z Ji
i=1
Standard Lévy Walk in R

R(t) = Z Ji 4 (t = T(Ne))An, 11,

where T(n) =37, T;.
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Wait-First Lévy walk)

The following convergence in distribution holds as n — oo

Rwe(nt
@4
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Wait-First Lévy walk)

The following convergence in distribution holds as n — oo

Rwe(nt
@4

Here:
o L,(t) — d-dimensional a-stable Lévy motion (limit of jumps) with
Fourier transform

. 0)(k) =exp (t /Sd\(k,s>|a(isgn((k,s> tan(ma/2) — 1)/\(ds)>

@ A(ds) - distribution of jump direction
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Wait-First Lévy walk)

The following convergence in distribution holds as n — oo

Rwe(nt
@4

Here:
o L,(t) — d-dimensional a-stable Lévy motion (limit of jumps) with
Fourier transform

. 0)(k) =exp (t /Sd\(k,s>|a(isgn((k,s> tan(ma/2) — 1)/\(ds)>

@ A(ds) - distribution of jump direction
@ S,(t) — a-stable subordinator (limit of waiting times)
o S H(t)=inf{r >0:S,(7) >t}
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Wait-First Lévy walk)

The following convergence in distribution holds as n — oo

Rwe(nt
Mg

Here:
o L,(t) — d-dimensional a-stable Lévy motion (limit of jumps) with
Fourier transform

. 0)(k) =exp (t /Sd\(k,s>|a(isgn((k,s> tan(ma/2) — 1)/\(ds)>

@ A(ds) - distribution of jump direction

@ S,(t) — a-stable subordinator (limit of waiting times)
o S H(t)=inf{r >0:S,(7) >t}

o Coupling! |AL,(t)] = AS,(t)
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Diffusion limits of Lévy walks — 1D case

.
0 t

Figure: Trajectory of the diffusion limit of Wait-First Lévy walk. It can have

infinitely many jumps on finite interval.
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Jump-First Lévy walk)

The following convergence in distribution holds as n — oo

Relnt) 4, 1o(ss2e).
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Jump-First Lévy walk)

The following convergence in distribution holds as n — oo

Rt 2, 1(55 (1)

Here:

o L,(t) — d-dimensional a-stable Lévy motion (limit of jumps) with
Fourier transform

1 0)(k) =exp (t /Sd\(k,s>|a(isgn((k,s> tan(ma/2) — 1)/\(ds)>

@ A(ds) - distribution of jump direction
@ S, (t) — a-stable subordinator (limit of waiting times), coupling as
before.

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 17 / 45



Diffusion limits of Lévy walks — 1D case
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Figure: Trajectory of the diffusion limit of Jump-First Lévy walk. It can have
infinitely many jumps on finite interval.

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 18 / 45



Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Standard Lévy walk)

The following convergence in distribution holds as n — oo

R(mt) 4, 7(s).
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Diffusion limits of Lévy walks — d-dimensional case

Theorem (Diffusion limit of Standard Lévy walk)

The following convergence in distribution holds as n — oo

R(nt) d, 7¢).
Here:
L;(S(;l(t)) ifteR
AT 520+ i S D S (LalSH0) - LS O) g R

R = {Sa(t) : t > 0},
G(t) = S, (Sa (1)),
H(t) = Sa(S5(1)))-
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Diffusion limits of Lévy walks — 1D case

0 t

Figure: Trajectory of the diffusion limit of standard Lévy walk. It can have
infinitely many changes of direction on finite interval.
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Fractional diffusion equations for Lévy Walks

Fractional material derivative (d-dimensional)

DM t) = [ (g+(%.0) sl @)

uesSd
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Fractional diffusion equations for Lévy Walks

Fractional material derivative (d-dimensional)

DM t) = [ (g+(%.0) sl @)

uesSd

@ (-,-) - scalar product in RY

o V= ( o0 i) - gradient

Ox1? Oxp? " " "7 Oxy
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Fractional diffusion equations for Lévy Walks

Fractional material derivative (d-dimensional)

DM t) = [ (g+(%.0) sl @)

uesSd

@ (-,-) - scalar product in R?

o V= ( o0 i) - gradient

Ox1? Oxp? " " "7 Oxy

In Fourier-Laplace space

FoLe{DMNp(x, £)} = / (s — ilk, u))® A(du)p(k, ).

uesSd
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Fractional diffusion equations for Lévy Walks

@ Wait-First Lévy Walk in R
DN t) = 0(x) =
PWF(X’ ) (X) r(]. _a)’

pwe(x, t) - PDF of diffusion limit.
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Fractional diffusion equations for Lévy Walks

@ Wait-First Lévy Walk in R

t—Ot

]D)a’/\pWF(X, t) = 5(X)m,

pwe(x, t) - PDF of diffusion limit.
o Jump-First Lévy Walk in R?

D p e (x, t) = v(dx, (t,00)),

pyr(x, t) - PDF of diffusion limit, v - Lévy measure of (Ly, Sa).

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018



Fractional diffusion equations for Lévy Walks

@ Wait-First Lévy Walk in R

]D)a’/\pWF(X, t) = 5(X)m,

pwe(x, t) - PDF of diffusion limit.
o Jump-First Lévy Walk in R?

D p e (x, t) = v(dx, (t,00)),

pyr(x, t) - PDF of diffusion limit, v - Lévy measure of (Ly, Sa).

e Standard Lévy Walk in R?
D p(x, £) = 8({x| — £) .
N1l-—a)

p(x, t) - PDF of diffusion limit.
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PDFs of Lévy Walks — 1-dimensional case

@ | Method [D. Froemberg, M. Schmiedeberg, E. Barkai, V.
Zaburdaev, Phys. Rev. E 91, 022131 (2015)]

Inversion formula of Fourier-Laplace transform for 1D ballistic
processes using Sokhotsky-Weierstrass theorem.
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PDFs of Lévy Walks — 1-dimensional case

@ | Method [D. Froemberg, M. Schmiedeberg, E. Barkai, V.
Zaburdaev, Phys. Rev. E 91, 022131 (2015)]

Inversion formula of Fourier-Laplace transform for 1D ballistic
processes using Sokhotsky-Weierstrass theorem.

@ |l Method — Markov approach
o Limit processes L (S;1(t)), La(S;1(t)) and Z(t) are NOT Markov
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PDFs of Lévy Walks — 1-dimensional case

@ | Method [D. Froemberg, M. Schmiedeberg, E. Barkai, V.
Zaburdaev, Phys. Rev. E 91, 022131 (2015)]

Inversion formula of Fourier-Laplace transform for 1D ballistic
processes using Sokhotsky-Weierstrass theorem.

@ |l Method — Markov approach
o Limit processes L (S;1(t)), La(S;1(t)) and Z(t) are NOT Markov
o d+1 - dimensional processes (L, (S;1(t)),t — G(t—)) and
(Lo (S, 1(t)), H(t) — t) are Markov [M. Meerschaert, P. Straka, Ann.

(o3

Probab. (2014)].

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 23 / 45



PDFs of Lévy Walks — 1-dimensional case

@ | Method [D. Froemberg, M. Schmiedeberg, E. Barkai, V.
Zaburdaev, Phys. Rev. E 91, 022131 (2015)]

Inversion formula of Fourier-Laplace transform for 1D ballistic
processes using Sokhotsky-Weierstrass theorem.

@ |l Method — Markov approach
o Limit processes L (S;1(t)), La(S;1(t)) and Z(t) are NOT Markov
o d+1 - dimensional processes (L, (S;1(t)),t — G(t—)) and
(Lo (S, 1(t)), H(t) — t) are Markov [M. Meerschaert, P. Straka, Ann.

Probab. (2014)].
o We have

(Ly(S3M(t) = dx, t — G(t—) = dv) =
= V(Lavsa)(R X [V7 OO))U(dX’ t— dV)l{Ogvgt}a

v - Lévy measure, U - potential measure.
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PDFs of Lévy Walks — 1-dimensional case

PDF of Wait-First Lévy Walk
(i) if x € (—t,0), then

psin(ra)ti—
t) =
pwr(x, t) lx[i—e

(13
PP+ (- PP+ 0%+ 2p(— p)(1— D) (L + 2)* cos(ma)’

(i) if x € (0,t), then

(1 — p)sin(ma)tt— "
7-(-|X|17a

pwr(x,t) =

(1+3)°
P + (- pPA— 9% +2p(— p)(1+ 5)° (L~ 5)* cos(ma)’

(iii) if |x| > t then pwe(x,t) = 0.
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PDFs of Lévy Walks — 1-dimensional case

Figure: PDF pwr(x, t) calculated for « = 0.5, p = 0.1 and different ¢.
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PDFs of Lévy Walks — 1-dimensional case
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Figure: PDF pwr(x, t) calculated for « = 0.5, t = 1 and different p.
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PDFs of Lévy Walks — 1-dimensional case

2 2 2
0=0.25 0=0.5 R 0=0.75
15 15 1.5
1 1 1
¥
05 05 ¥ 0.5
+
. ¥
H
By
£J1 -0.5 0 0.5 0—1 -0.5 0.5 91 -05 0 0.5 1

Figure: PDF pwr(x, t) calculated for p = 0.25, t = 1 and different a.

Marcin Magdziarz (Wroctaw)

Modelling of fract. dynamics - Lévy walks

ICERM 2018 27 / 45



PDFs of Lévy Walks — 1-dimensional case

PDF of Jump-First Lévy Walk
(i) if x < —t, then

(p — 1)sin(ma) 1
X (1—p)(—x/t — 1)+ p(—x/t + 1)’

pir(x, t) =

(i) if x € [—t, t], then

p(1 — p)sin(ma) "

pur(x,t) = .

(L4 —@-5e
P =57 + (1—pP(+ 22 + 201 — p)(1 — )7 (1 + 1)° cos(ra)’

(iii) if x > t, then

psin(ma) 1
mx  p(x/t— 1)+ (1= p)(x/t + 1)

pur(x,t) =
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PDFs of Lévy Walks — 1-dimensional case

35
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Figure: PDF pyr(x, t) calculated for o = 0.5, t = 1 and different p.
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PDFs of Lévy Walks — 1-dimensional case

Figure: PDF pe(x, t) calculated for a = 0.5, p = 0.5 and different t.
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PDFs of Lévy Walks — 1-dimensional case

PDF of Standard Lévy Walk
(i) if |x| < t, then

p(1l — p)sin(ra) "
mt
(-3 1+ 3+ A3 3
P57+ (L pP(L+ 5% + 21— p)(A— D°(1+ 5)" cos(ra)

p(x,t) =

(i) if |x| > t, then p(x,t) =0.
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PDFs of Lévy Walks — 1-dimensional case
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Figure: PDF p(x, t) calculated for « = 0.5, t = 1 and different p.
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic standard d-dimensional Lévy Walk

General method:

Let p(x, t), x = (x1, %2, ..., x4) € RY, be the PDF of Lévy walk

Z(t) = (Z4(t), Z2(t), ..., Z4(t)). The Fourier-Laplace transform of p(x, t)
is given by

1Jos (1= (% u)" " A(du)
S Joo (1= (550))" Ndu)

Denote by ®1(x) the PDF of Z;(1).

p(k,s) =
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PDFs of Lévy Walks — d-dimensional case

(i) Odd number of dimensions d = 2n + 3.
- We have

1 | 2F((1—a)/2,1—a/2;3/2+ n; %)

CI>1(X):_7r|x| m 2F1(—a/2,(1—oz)/2;3/2—|—n;x—12) ’

where »F1(a, b; ¢; x) is the hypergeometric function.
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PDFs of Lévy Walks — d-dimensional case

(i) Odd number of dimensions d = 2n + 3.
- We have

1 | 2F((1—a)/2,1—a/2;3/2+ n; %)

CI>1(X):_7r|x| m 2F1(—a/2,(1—oz)/2;3/2—|—n;x—12) ’

where »F1(a, b; ¢; x) is the hypergeometric function.
- Using the fact that

d
Z(1) =z v,
we get that the PDF ®g(+) of [|Z(1)]] equals

dn+1

drntl

2\/E n+1 n+1
Pr(Vr) = Fin+3/2) (-1)

®1(V/r).
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PDFs of Lévy Walks — d-dimensional case

(i) Odd number of dimensions d = 2n + 3.
- We have

1 2F1((1—a)/2,1—a/2;3/2+n; )
d1(x) = — Im ==,
| x| 2Fi(—a/2,(1 - 0a)/2;3/2+ n; )
where »F1(a, b; ¢; x) is the hypergeometric function.
- Using the fact that
d
Z(1) =z v,
we get that the PDF ®g(+) of [|Z(1)]] equals
dn+1

dr(Vr) = |'(r72+7\/§/2)rn+1(—1)"+1drn+1 ®1(V/r).

- Finally

p(x,t) = M(n+3/2) dr (M> .

2mnt3/2t |x|]PT2 t

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 34 / 45



PDFs of Lévy Walks — d-dimensional case
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Figure: 3-dimensional PDF p(x, t) calculated fora =03 and t =1 .
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PDFs of Lévy Walks — d-dimensional case

(i) Even number of dimensions d = 2n + 2.
- We have

1, oh((l—0)/21-a/2%1+m )

¢1(X):_7r|x| M R(—aj2(1—a)/zl+mL)

where 2 F1(a, b; ¢; x) is the hypergeometric function.
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PDFs of Lévy Walks — d-dimensional case

(i) Even number of dimensions d = 2n + 2.
- We have

1, 2A(-a)/21-a/21+n, L)

¢1(X):_7r|x| M R(—aj2(1—a)/zl+mL)

where 2 F1(a, b; ¢; x) is the hypergeometric function.
- Moreover

Or(VR) = (DT (VN 0)

Here Di+1/2 is the right-side Riemann-Liouville fractional derivative of
order n+1/2.
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PDFs of Lévy Walks — d-dimensional case

(i) Even number of dimensions d = 2n + 2.
- We have

1, 2A(-a)/21-a/21+n, L)

¢1(X):_7r|x| M R(—aj2(1—a)/zl+mL)

where 2 F1(a, b; ¢; x) is the hypergeometric function.
- Moreover

Or(VR) = (DT (VN 0)

Here Di+1/2 is the right-side Riemann-Liouville fractional derivative of

order n+1/2.
- Finally
Mn+1) (||x||>
X, t) = —————®p | —
p( ) 27T"+1t||x||2n+1 R t
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PDFs of Lévy Walks — d-dimensional case
«=0.6
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Figure: 2-dimensional PDF p(x, t) calculated for a = 0.6 and t =1 .
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Wait-First d-dimensional Lévy Walk
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Wait-First d-dimensional Lévy Walk
The Fourier-Laplace transform of pyge(x, t) is given by

1 1
S Joo (1= (5 u))" A(du)

pWF(kv S) =
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Wait-First d-dimensional Lévy Walk
The Fourier-Laplace transform of pyge(x, t) is given by

1

de( = (%)) Adu).

pWF(k7 S)

(i) Odd number of dimensions d = 2n + 3.

- We have
. I (n) 0 1
S = T N " A a2 (- a2 02 3)
n+1
q)R(\/F) = (n2_:_/;/2) n+1(_1)n+1 (jrnj—l ¢1(\/7)a

Mn+3/2) <M)

t = -0
pwr () = g [x P t
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Wait-First d-dimensional Lévy Walk
(ii) Even number of dimensions d = 2n + 2.

- We have
r(n) 1

O = N M A a2 ()BT L)

O(V) = (LD eV )

pwr(x,t) = Mq,,? <M> .

27rn+1t||x||2n+1 t
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Jump-First d-dimensional Lévy Walk
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Jump-First d-dimensional Lévy Walk
The Fourier-Laplace transform of pye(x, t) is given by

=
S

1
psr(k,s) = B (1— - (%,u>)a/\(du)> )

Marcin Magdziarz (Wroctaw) Modelling of fract. dynamics - Lévy walks ICERM 2018 40 / 45



PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Jump-First d-dimensional Lévy Walk
The Fourier-Laplace transform of pye(x, t) is given by

pur(k,s) = ! (1 - H%Ha a ) :
A\ L (B ) N

(i) Odd number of dimensions d = 2n + 3.

- We have
_ (n) o cos(mar) + isin(mar)
1) = F(n+1/2) x> ! 2Fi(—a/2,(1—)/2;3/2+ n; %)
Pr(Vr) = r(n2£/2) Py ::;1 &1(V7),

X, t)= ——F—=
PJF( ) ) 27T"+3/2t||X||2n+2

Mn+3/2) (M)

t
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PDFs of Lévy Walks — d-dimensional case

PDF of isotropic Jump-First d-dimensional Lévy Walk
(i) Even number of dimensions d = 2n + 2.
- We have

®1(x) = — (n) " cos(ma) + isin(ma)
F(n+1/2) x| 2Fi(—a/2,(1—a)/21+n; %)’

r(Vr) = r(zni\ﬁi)rnﬂ/2 D2 {0y (V) (),

pir(x,t) = Mq),? (M) '

2+t ||x|[*" t
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Other results

@ diffusion limits and governing equations for non-ballistic Lévy walks

@ path properties of Lévy walks (martingale properties, upper and lower
limits, variation etc.)

@ distributed order Lévy walks

@ Lévy walks and flights in quenched disorder

@ multipoint PDFs of Lévy walks

@ aging Lévy walks

@ ergodic properties of Lévy walks
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Other results — multipoint PDFs of Lévy walks

a=05
02, ; p=0.5
0.1
0
24

Figure: PDF of (Z(t1),Z(t2)) for « =05, p=0.5, t1 =1, to = 2.
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Other results — aging Lévy walks

0.45 T
a=04
0.4f b
0.351 b
0.3f i
0.25- b
0.2f b
0.15- b
0.1f b
—— Lévy walk
L —— Aging Lévy walk |
0.05
—— Wait-first
—— Aging wait-first
0 . ; ; ; .
-2 -1.5 -1 -0.5 0 0.5 1 15 2

X

Figure: PDFs of standard and aging Lévy walk.
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The end — thank you for your attention !!!
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